Using supersymmetric localization, we consider four-dimensional N = 2 superconformal quiver gauge theories obtained from Z n orbifolds of N = 4 Super Yang-Mills theory in the large N limit at weak coupling. In particular, we show that: 1) The partition function for arbitrary couplings can be constructed in terms of universal building blocks. 2) It can be computed in perturbation series, which converges uniformly for |λ I | < π 2 , where λ I are the 't Hooft coupling of the gauge groups. 3) The perturbation series for two-point functions can be explicitly computed to arbitrary orders. There is no universal effective coupling by which one can express them in terms of correlators of the N = 4 theory. 4) One can define twisted and untwisted sector operators. At the perturbative orbifold point, when all the couplings are the same, the correlators of untwisted sector operators coincide with those of N = 4 Super Yang-Mills theory. In the twisted sector, we find remarkable cancellations of a certain number of planar loops, determined by the conformal dimension of the operator.
Introduction
Among the most remarkable discoveries of the last decades, the AdS/CFT duality occupies a prominent place and has led to multiple applications and research lines. The best known example of the duality is N = 4 Super Yang-Mills (SYM) theory, which provides a holographic description of superstring theory on the AdS 5 × S 5 space. This case has withstood numerous detailed tests, to great extent, by exploiting integrability of the supersymmetric gauge theory in the planar limit and supersymmetric localization [1] . While there are other examples of superconformal field theories with exact gravity duals that have been thoroughly studied -such as ABJM theory or β-deformed N = 1 SYM -comparatively much less is understood to what concerns the detailed aspects of how AdS/CFT duality works in more general N = 2 four-dimensional superconformal gauge theories.
A well-known example is N = 2 superconformal quantum chromodynamics (SCQCD), with gauge group SU (N ) coupled to 2N flavor hypermultiplets. However, this case does not appear to have a simple string theory dual. Indeed, while there has been some suggested dual backgrounds in the literature (see e.g. [2, 3, 4] ), none of these is of the form AdS 5 ×M 5 where one can perform calculations in a controlled classical gravity approximation. Far from this, the string theory dual seems to be in the deep quantum regime. In particular, one sign of this is the fact that the string tension appears to be proportional to the logarithm of the 't Hooft coupling [5] .
There is, however, a whole family of N = 2 four-dimensional superconformal field theories with simple gravity duals which contain, in a certain limit, N = 2 superconformal QCD. These are the so-called necklace quivers, with n nodes and SU (N ) gauge groups, joined by bifundamental hypermultiplets. These theories can be engineered by N D3 branes probing an A n−1 singularity; which, in the suitable near-brane limit, are dual to superstring theory on the orbifold on AdS 5 × S 5 /Z n . The simplest example is n = 2, for which we have an SU (N ) × SU (N ) gauge theory with two bifundamental hypermultiplets.
It is then natural to wonder to what extent the quiver theory -with a regular gravity dual-shares common properties with N = 2 SCQCD , with the hope that this may help to better understand main differences with respect to a gauge theory dual to a regular string background (studies along these lines have been initiated in [3, 4] ).
In superconformal field theories, very important observables are the correlation functions. A particularly interesting set of operators are chiral primary operators (CPO's). It turns out that correlators of CPO's exhibit a very interesting structure. This has been explored in the case of N = 2 SCQCD in a beautiful series of papers [6, 7, 8, 9] . In this paper we will compute, for the first time, general two-point correlation functions of chiral primary operators (CPO's) in quiver gauge theories. Our main tool will be supersymmetric localization. Very recently, it was argued [10] that correlation functions on R 4 of CPO's in N = 2 superconformal theories admitting a Lagrangian description can be computed as correlation functions of the associated operators in the matrix model that describes the theory on S 4 . The subtlety stands in that, upon mapping the theory to the S 4 , due to the conformal anomaly, a non-trivial mixing structure among operators of different dimension is induced. The insight of [10] is that such mixture can be disentangled by a Gram-Schmidt procedure. Using this prescription, in [11, 12, 13] correlation functions for CPO's in N = 4 and N = 2 SCQCD were computed. Moreover, it turns out that these operator mixtures have a very interesting structure, as shown in [12, 13] , whose holographic interpretation is still to be understood.
In this paper we will compute, using supersymmetric localization as well as the GramSchmidt procedure proposed in [10] , correlation functions of CPO's in the A n−1 quivers in the large N theory at weak 't Hooft coupling. A given n-loop order is, in general, a power λ n /(2π) 2n multiplied by a combination of products of Riemann ζ coefficients and rational numbers. In particular, there is an infinite series of terms which have linear dependence with ζ(2k − 1) that can be safely isolated and studied, as they are independent irrational numbers that can be distinguished from the rest of the terms. As we show, this method can be applied to the partition function itself. Interestingly, a "modular" structure appears, as the partition function "factorizes" into contributions from the different quiver nodes. Of course, when the couplings are equal, we recover the orbifold equivalence first found in [14] . We should stress that this structure emerges after the functional integration, that is, in the final result.
The structure of this paper is as follows. In section 2 we give a lightning review of the A n−1 necklace theories of interest and compute, in subsection 2.1, their partition function, in particular, exhibiting its factorization property. In the rest of the section, we discuss its convergence properties and its implications for the holographic correspondence. In section 3 we compute the two-point correlation functions on S 4 for CPO's. In subsection 3.1 we compute the correlation functions for CPO's in N = 2 superconformal QCD including all corrections which have linear ζ(2k − 1) dependence. In section 3.2 we turn to the computation of the correlators on S 4 in the quiver gauge theories. In section 3.3 we work out the A 1 case in detail and compute the correlators on R 4 . Section 4 contains a summary of the results and concluding remarks. As computations are rather long, we collect their details in a number of appendices. In appendix A we summarize the notation. In appendix B we collect the expressions for large N correlation functions in N = 4 SYM computed in [11] . In appendix C we describe the computation of the partition function. In appendix D we give the details of the computation of correlators in N = 2 superconformal QCD including all corrections linear in ζ as well as the first non-linear correction proportional to ζ(3)
2 . Finally, in appendix E we provide further details on the computation of the correlation functions in the quiver gauge theories.
Necklace N = superconformal quiver theories
We will be interested on superconformal gauge theories with four-dimensional N = 2 supersymmetry which arise as Z n orbifolds of N = 4 SYM [15] . These theories can be engineered in string theory on the worldvolume of N D3 branes probing a C 2 /Z n singularity. In fact, in the suitable limit, they admit a weakly curved gravity dual in terms of the AdS 5 × S 5 /Z n geometry. These quiver theories can be represented pictorially as in fig. 1 (we show the n = 8 case, as example).
Each node stands for a SU (N ) vector multiplet 4 , while each arrow connecting nodes I and J corresponds a chiral multiplet in the bifundamental of SU (N ) I × SU (N ) J -when I = J this corresponds to an adjoint. Denoting each chiral multiplet between node I and J as X I,J , the superpotential reads where the node n + 1 is identified with the node 1. This theory is conformal for arbitrary couplings g I . The perturbative orbifold corresponds to the case g I = g for all nodes. In the dual interpretation, g
, and Σ I represents the appropriate collapsed 2-cycle in the geometry.
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Note that each node looks like a copy of N = 2 superconformal QCD with coupling g I , as the two neighbouring nodes supply the 2N flavors needed to make the SU (N ) gauge group conformal. Thus, it then follows that in the limit in which all but one coupling -say g 1 -go to zero we recover N = 2 superconformal QCD. It is in this sense that the quiver theory interpolates between a theory -the A n−1 quiver-with a regular gravity dual and N = 2 superconformal QCD.
The partition function for necklace quiver theories
The partition function (or more precisely, its logarithm) for N = 2 superconformal field theories has been shown to compute the Kähler potential K on the conformal manifold [17, 18] . As such, it is subject only to Kähler transformations K(τ, τ ) → K(τ, τ ) + F(τ ) + F(τ ). Hence, its (non-analytic) dependence on the 't Hooft coupling λ ∼ (Imτ ) −1 is a physically unambiguous quantity. 5 As it is well known, the perturbative orbifold contains a non-zero B 2 . For instance, in the Z 2 case [16] , one has Σ B 2 = 1 2 and, strictly speaking, one should write g
The exact partition function for the A n−1 necklace quiver gauge theories of interest can be easily constructed using the general results of [1] . It reads
where the variables a I i stand for the eigenvalues of the adjoint scalar in the vector multiplet X I,I . Z inst stands for the instanton contribution and Z 1−loop is the one-loop contribution given by
where the node n + 1 is identified with the node 1. Note that, as the gauge groups are SU (N ), one has i a I i = 0. The function H can be written in terms of Barnes G-functions. For the purpose of this paper, we will define it in terms of the Taylor expansion
which converges for |x| < 1. In the following we will be interested on the large N limit of the quiver theories, with λ I ≡ N g 2 I fixed. We will assume, as usual, that instantons are suppressed, as their contributions are multiplied by an exponentially small factor e , with integer k. While there have been explicit checks in some N = 2 theories (see e.g. [5, 19] ), for the necklace quiver theories the suppression of instantons at large N remains a plausible assumption that is yet to be studied (see [14] however for a more detailed account). Therefore from now on we set Z inst = 1.
The case of the A 1 theory
For concreteness, let us concentrate on the A 1 case, corresponding to n = 2. This describes an N = 2 superconformal gauge theory with gauge group SU (N ) × SU (N ) and two bifundamental chiral multiplets. Some aspects of this theory were discussed in [3, 4, 19, 20, 21, 22, 23] . Re-naming a 1 i → a i and a 2 i → b i , the partition function reads
where
while
Let us consider the weak coupling regime λ I 1 for all nodes. In this regime the largest contribution to the partition function comes from the region of small a I i , b I i . We can then use the Taylor expansion (2.4) of ln H(x) for small x. This expansion gives rise to the perturbation series.
The N = 2 quiver partition function can be fully written in terms of correlators of the N = 4 matrix model. For this, it is convenient to write Z 1−loop as
Expanding e f = 1 + f + ..., the first term "1" gives rise to a contribution which is the product of two N = 4 partition function with couplings λ 1 and λ 2 . The remaining terms give rise to the correlators which are shown in detail in appendix C. In particular, it is useful to introduce the correlators in the N = 4 matrix model
with (see e.g. [24] )
We can also define the connected correlators in the N = 4 SYM
For these correlators, it is useful to introduce a deformed version of the N = 4 theory by adding sources for all single-trace chiral primary operators [10] 
(2.12) 6 We shall use the notation · to denote correlators in the corresponding S 4 matrix model. In turn, by · 0 we shall denote correlators in the N = 4 matrix model. We shall also use the notation a n i ≡ X n . See appendix A for a summarized description of the notation.
The connected correlators X m 1 · · · X mn c 0 can then be computed from the associated free energy F = − ln Z N =4 as
It is straightforward to re-write the C m 1 ,··· ,mn 's in terms of the C m 1 ,··· ,mn 's, whose expression has been computed (for instance, in this context and for 2-,3-and 4-points, in [11] ). In particular, in the planar limit, a simple calculation shows that C m 1 ···mn scales as
(2.14)
Taking into account this, we can compute the leading term in N , finding (see appendix C for details) 15) where, modulo an irrelevant additive, λ-independent constant (see (2.11))
and
Separating the k sum into odd and even, the odd part trivially vanishes since C 2n+1 = 0 (see appendix appendix B). Thus
n−1 k=1 19) we have that
Using the expressions for C 2k given in appendix B, we finally find
2.3 The general case of A n quiver gauge theories
Coming to the general case, let us write the 1-loop contribution as
Using the weak coupling expansion (2.4) and
(see appendix A for the notation), we can write
2n k=0
We now substitute (2.24) into the partition function (2.2) and expand the exponential, just as in the n = 2 case. At large N , the leading terms come from the one-point functions. This amounts to trading TrX a I,I for C a (g I ), so that in (2.24) we easily recognize the function F(λ I , λ J ) defined in (2.21). Therefore, the leading term of the large N partition function finally reads
This makes the "modular" structure of the large N partition function explicit for arbitrary couplings. In summary, drawing the quiver in N = 2 notation, we can construct the large N partition function using the rules that each node contributes to the partition function a factor
while each link between nodes I and J contributes
Then, the leading contribution to the large N partition function for the A n−1 quiver is 28) where the node n + 1 is identified with the node 1. Note that setting all but one λ I to zero we recover the N = 2 SCQCD case, so that
2.4 Convergence properties of planar perturbation series N = 2 SCQCD. Consider the free energy F = − ln Z. In the large N limit, we have found the exact formula 30) where F N =4 = −N 2 ln √ λ and the explicit expression of F(λ, λ) can be read from (2.21). We get
(2.31) Using the formula
Let us consider the convergence properties of these series. For n 1, ζ(2n − 1) → 1. Using the de Moivre-Stirling formula for the Γ function and factorials, we then easily find that the radius of convergence of S 1 is |λ| < π 2 , while the radius of convergence of S 2 is |λ| < 4π 2 . More precisely, the series converges for |λ| ≤ π 2 , λ = −π 2 . At λ = −π 2 , it has a logarithmic branch-point, with behavior ∼ (λ + π 2 ) 3 ln(λ + π 2 ). In conclusion, the free energy in N = 2 SCQCD has radius of convergence |λ| = π 2 . A finite radius of convergence is expected in the perturbation theory of planar Feynman diagrams. In quantum field theory, the convergence properties are governed by the combinatorics of Feynmann graphs and typically do not depend on the specific observable. Thus it is natural to expect that other observables will be given by a planar perturbation series that converges in the region |λ| < π 2 (though there may be special observables, e.g. with high supersymmetry, for which the corresponding planar perturbation series truncates at some order or has infinite radius of convergence). N = 2 superconformal quivers. In this case we need to study the convergence properties of the building block (2.21) . In what follows we will show that the series converges uniformly for all λ 1 , λ 2 with |λ 1 | < π 2 , |λ 2 | < π 2 . As the expression (2.21) is symmetric under λ 1 ↔ λ 2 , we only need to look at the interval 0 < |λ 2 |/|λ 1 | < 1. In this case, it is convenient to write it in the form:
The coefficient c n (x) satisfies the bound c n (x) < c n (1) in the interval x ∈ [0, 1). Indeed, the case with least radius of convergence occurs when λ 2 = λ 1 , for which the previous results apply and we find the condition
One can check that for |λ 2 | |λ 1 | the series converges more rapidly. In this case one can look at the k = 1 term, which goes as 1/(n!(n − 1)!). The resulting series converges for |λ 1 | < 4π
2 . In conclusion, the free energy for all A n−1 quiver models uniformly converges under the (necessary and sufficient) condition,
It is interesting to note that the same radius of convergence arises in the calculation of anomalous dimensions of local operators in N = 4 SYM. This is seen from the dispersion relation of the magnon excitations of the spin chain [25] , which has a square-root branch point at λ = −π 2 . Interestingly, the same radius of convergence also appears in the calculation of the free energy and circular Wilson loop in N = 2 * theory obtained by perturbing N = 4 SYM by a small mass term for the hypermultiplet [19] . In this case the free energy and the Wilson loop have both a logarithmic branch-point at λ = −π 2 .
Holography
It is clear that the same factorization (2.22), (2.25) applies at strong coupling (λ I 1), since the factor F can be computed by resumming the perturbation series in the regime |λ I | < π 2 and then analytically continuing to λ I > π 2 . Let us consider the particular case when λ I = λ for all I. Then
thus recovering the result in [14] . This case, being insensitive on the resummation in F, can be extrapolated to strong coupling in a straightforward way. It follows that
where we have used (c.f. (2.11))
The holographic interpretation of this formula in the N = 4 case was discussed in section 3 of [26] . The holographic free energy is given by the on-shell supergravity action on AdS 5 × S 5 , supplied by boundary counterterms to cancel quartic, quadratic and a logarithmic divergence,
where L is the radius of AdS 5 and of S 5 , r 0 is a UV short-distance cutoff and G N is the fivedimensional Newton constant. The logarithmic divergence leads to the trace anomaly in the energy-momentum tensor. The coefficient
is identified with N 2 by the AdS/CFT dictionary. In the gauge theory, the logarithmic divergence arises with the same coefficient proportional to N 2 by explicitly computing the one-loop partition function on S 4 [27] . A complete comparison of the formulas requires relating the gauge-theory momentum cutoff Λ 0 and supergravity UV cutoff r 0 . This has been done in [26] by using a physical argument that identifies Λ 0 to the maximum possible mass in AdS 5 corresponding to a string stretched from the horizon to the cutoff surface. One finds 2πRΛ 0 = √ λr 0 /L, where we have reintroduced the S 4 radius R. In this way one gets a perfect match between (2.38) and the supergravity formula.
The identification 2πRΛ 0 = √ λr 0 /L holds true in the quiver case, since the argument of [26] only involves the AdS 5 part. In the quiver case, the calculation on the supergravity side is similar, with the only difference that Vol(S 5 /Z n )/Vol(S 5 ) = 1/n. This implies an additional factor n in the five-dimensional Newton constant, leading to
in agreement with the localization formula (2.37).
Two-point correlation functions for chiral primary operators
Let us now turn to the computation of extremal correlation functions in N = 2 necklace quiver theories of the form O(x)O (y) , where both O(x) and O (y) are CPO's. Note that conformal invariance determines that the spacetime dependence of the correlator to be |x − y|
Thus, in the following, we will omit such dependence. In particular, we will be interested on extremal correlation functions of CPO's in N = 2 theories at large N . Because of this, the basis of CPO's dramatically simplifies and we just need to consider single-trace operators (see [11, 13] for recent discussions in this context). For the present quiver theories, the set of CPO's will consist of trace of powers of the scalars in the vector multiplets. Explicitly, the operators of interest are X I n = TrX n I,I . The crucial subtlety is that in the S 4 , due to the conformal anomaly, CPO's of different dimensions can mix. Such mixture must be disentangled through a Gram-Schmidt procedure as described in [10] . Then, in general, the R 4 operator X n corresponds to a linear combination of the S 4 operators as 
where AB stands for the correlator in the matrix model for the theory on S 4 . Note that inside · only operators in the S 4 matrix model can appear. Thus, we can omit the S 4 label at no risk of confusion. Moreover, in the S 4 matrix model X I becomes purely real, and thus the hermitean conjugation can be dropped as well.
From (3.2) we see that the quantities of primary interest are the two-point functions in the sphere matrix model. These are given by
3) Note that in the mapping between R 4 and S 4 operators defined in (3.1) there is a contribution -only non-vanishing for even n-of the identity operator. This particular mixing is easily taken into account by slightly modifying (3.1) as
so that the correlators of interest are given by
where theĉ I,m L,n are to be fixed through the Gram-Schmidt procedure as in [10] . For clarity, we summarize the notation used throughout the paper in appendix A. Note that (3.5) is nothing but the corresponding connected correlator in the quiver theory.
In the following, using (3.3), we will compute (3.6) at large N . Just as in the earlier discussion of the partition function, in the large N limit the instanton factor Z inst in (3.3) will be set to 1. Moreover, we will consider the weak coupling regime where we can use the expansion of (2.4) to compute, perturbatively, the correlators on S 4 .
Correlators in N = 2 superconformal QCD
Two-point functions in N = 2 superconformal QCD at large N have been computed in [11] including the terms with coefficients proportional to ζ(3) and ζ(3) 2 . Our first task will be to improve these results by computing all the terms in the planar expansion that have coefficients with linear dependence on the ζ's (as well as the ζ (3) 2 term). In the case of N = 2 SCQCD we just have a single gauge group. Denoting the scalar in the vector multiplet by X, the CPO's of interest are X n ≡ TrX n . These CPO's are represented in S 4 by X n = i a n i , where a i are the variables of integration in the S 4 partition function. As explained above (see appendix A for a summary of the notation), X nXm will denote the correlators for the theory on R 4 , while X n X m will denote correlators for the theory on S 4 . Moreover, X n will refer to VEV-less operators in S 4 , whose two-point correlators are nothing but the connected two-point correlators in the S matrix model.
By expanding the one-loop determinant we can compute the connected correlator in N = 2 SCQCD in the planar perturbative expansion in powers of λ. In general, this will include an infinite series of corrections to the N = 4 correlator with coefficients proportional to products of ζ functions. We can unambiguously isolate and compute the contribution of the terms with linear dependence on ζ s. In particular, they could be compared with similar terms that should appear in a direct Feynman diagram calculation. Thus, including all terms linear in ζ as well as the first ζ 2 term proportional to ζ(3) 2 , the result is (we compile the details in appendix D)
where, to leading order in N , we have defined
For concreteness, let us concentrate on correlators for even operators. For them, in order to have a non-vanishing result, k in M (1) must be even. Then, using the results for C 2m,2n,2r and C 2m,2n,2r,2s given in appendix B, we can easily compute the connected correlators X n X m and perform the Gram-Schmidt orthogonalization to find the correlators for the theory on R 4 . Explicitly, up to ζ(13), for the first few dimensions we find
+ · · · (3.10) These expressions contain and extend the ones found in [11] to higher orders in the planar perturbative expansion.
Effective couplings for N = 2 superconformal QCD
It was suggested in [20] that observables in the purely gluonic SU (2, 1|2) subsector of any planar N = 2 theory can be computed upon performing a coupling replacement in the N = 4 result. Elaborating on this, in [21] it was shown that the VEV of the supersymmetric circular Wilson loop in SCQCD and in the A n−1 quiver gauge theories has exactly the same structure as in the N = 4 theory, indeed with the replacement of the coupling λ by a new effective coupling. A natural question is whether this observation also applies to two-point correlation functions. In other words, whether the two-point correlation functions of all CPO's have the same form as in the N = 4 theory, in terms of a new universal, effective coupling, for all correlators. Below we will show that this works for the leading ζ(3) and ζ(3) 2 terms, but not in general for the other contributions. Let us first recall how the results of [21] arise using the formulas given in the appendix. For the VEV, we have (for simplicity, here we show only linear terms in the ζ's)
with
With this, it is easy to compute the VEV of the circular Wilson loop 16) to all orders for the terms with linear ζ coefficient, by expanding in powers of X. This agrees with the results in [21] , showing that the VEV of the circular Wilson loop is equal to that of N = 4 SYM [24] upon performing the same coupling replacement given in [21, 22, 23] . Now let us consider two-point correlation functions. Let us denote the required effective coupling in the correlator X n X n by λ (n) eff . For the terms with coefficients linear in ζ(2n−1), if one tries to re-write the correlators for X 2n X 2n in terms of an effective coupling on the N = 4 SYM result, one finds
As it is clear from these expressions, there is no universal effective coupling. It is however interesting to note that λ
eff and λ
eff differ at O(ζ(3)); λ
eff differ at O(ζ(7)); λ and λ (6) eff differ at O(ζ(11)); thus suggesting a pattern such that
Although we have only shown this property for the terms linear in ζ's, this is sufficient to conclude that there is no universal effective coupling. Of course, to a given order in λ there will be contributions not only linear in ζ but also non-linear, i.e. products of ζ's that we have not computed. It is nevertheless tempting to conjecture that (3.21) holds as a full-fledged 't Hooft coupling expansion. An equivalent way to phrase this result is noticing that the correlator X n X n in N = 2 SCQCD can be written as that of N = 4 theory upon a coupling replacement plus corrections of the form
being the effective coupling
(3.24) This replacement differs from that in [21, 22, 23] already at order ζ(5).
From the above results, it is clear, for example, that if we restrict the discussion to correlators X n X n SCQCD with n > 2, then up to (and including) the order ζ(3)λ 2 we can describe correlators in terms of an effective coupling. We can test this by also including the term with coefficient ζ (3) 2 . Thus let us compute correlators with n > 2 by truncating the series and keeping only the terms with coefficients proportional to ζ(3) and ζ (3) 2 . Starting with the case of odd n, m, we find
Here we recognize the first terms in the expansion of
In turn, since the C n,m are nothing but the correlators in N = 4 theory, proportional to λ n+m 2 , we see that the result in N = 2 superconformal QCD up to the order we are discussing is akin to taking the N = 4 correlators on S 4 and perform the substitution
Moreover, since the substitution is independent on n, m, the Gram-Schmidt procedure can be directly imported from the N = 4 case. Thus, the result for R 4 correlators is finally identical to that of N = 4 theory -given, for instance, in eq. (3.54) in [11] -with the substitution (3.27).
In terms of g 2 = λ (4π) 2 , this substitution corresponds to
This is the same coupling replacement found in [21, 22, 23] .
Let us now consider two-point correlation functions of even operators. For n, m ≥ 2, we now find
which recovers the same formula given in eq. (4.32) in [11] (to compare, one should replace above (n, m) → (2n, 2m)). Thus, we can again import the Gram-Schmidt orthogonalization from the N = 4 case leading to the final result in eq. (4.40) in [11] . The conclusion is as follows. For n > 2, the correlator X n X n in N = 2 SCQCD, including the terms with coefficients ζ(3) and ζ(3) 2 , given by eq. (4.40) in [11] , can also be obtained by taking the N = 4 result upon performing the substitution (3.27). On the other hand, the correlator for X 2 X 2 given in eq. (4.40) of [11] (which, it should be stressed, is in agreement with previous results in the literature [9] , [8] , [7] , [10] ) does not follow this pattern, as expected, given the formula (3.22). 
The quiver theory case
The coefficientsĈ m 1 ,··· ,mn are given in terms of factorials (see appendix B).
The A 1 quiver
In the case of the A 1 theory, we have two sets of VEV-less operators in the S 4 matrix model X 1 n ≡ X n , X 2 n ≡ Y n . They are constructed in terms of the scalar fields in the N = 2 vector multiplets of the two gauge groups SU (N ) × SU (N ). To begin with, note that the A 1 case is special, as, to a given node, both nearest neighbour nodes are the same. Thus, the X n Y m correlator must be computed separately for this case (see appendix E). We find
(3.34)
We now define the untwisted U n and twisted T n operators as
These operators have well defined transformation properties under the Z 2 action which exchanges the two gauge groups, i.e. U n → U n and T n → −T n (see also [28] ). Note that the perturbative orbifold corresponds to setting λ 1 = λ 2 = λ. On the other hand, the limit of one coupling going to zero gives us back the N = 2 SCQCD case. Then
k,q,n,m (3.36) withM (1) k,q,n,m =Ĉ kĈ2q−k,n,m −Ĉ 2q−k,nĈk,m −Ĉ 2q−kĈk,n,m +Ĉ 2q−k,mĈk,n .
(3.37)
In turn, using the explicit form of the N = 2 SCQCD correlator in (3.7), we have
(3.38) whereM (1) k,q,n,m stands for M (1) k,q,n,m evaluated at coupling one and
To begin with, since at the perturbative orbifold both couplings are equal, there is no need to introduce the extra coupling factors in the definition of U n and T n to preserve the Z 2 symmetry. In fact, in this case it will prove more useful to simply define U n = 2
2 (X n − Y n ) (that this is equivalent to multiplication by the appropriate factor of λ = λ 1 = λ 2 the above formulas).
In the perturbative orbifold limit the two towers U n and T n decouple, as they become orthogonal due to (3.36). Then, notably, at the perturbative orbifold point λ 1 = λ 2 = λ the correlator for the untwisted fields U n becomes identical to that of N = 4 SYM, while that for the twisted fields becomes
(3.41) One can then perform the Gram-Schmidt orthogonalization for the tower of untwisted fields (this is just identical to the N = 4 case in [11] ) finding
This result might be compared with the dual holographic computation in [29] , where 2-point functions for N = 4 CPO's are computed using holography. In turn, N = 4 SYM is the worldvolume theory on D3 branes on C 3 and the three chiral multiplets correspond to each C plane. In N = 2 notation, one of them is part of the vector multiplet, and this is the one whose correlators are computed in [29] . In constructing the quiver theory, the orbifold can be taken to act on the transverse C 2 . Thus, the computation in [29] should go essentially unchanged for the untwisted sector, thus leading to the result (3.42).
In turn, running the Gram-Schmidt for the twisted sector operators, we find 
It is interesting to note that these correlators are compatible with a generic form
which exhibits a remarkable cancellation of several loop Feynman diagrams, as one might naively expect that all correlators would contain corrections starting with ζ(3)λ 2 .
Note the analog result in the difference in the correlator (3.22) . It must be stressed that this result takes into account only linear terms in ζ(2n − 1). It is tempting to conjecture that (3.47) holds beyond linear terms in the ζ's, i.e. that the T n T m correlators differ from the N = 4 correlators in O(λ 2n ), as suggested by (3.47) . in an expansion in λ. As a check, let us compute the first non-linear term, namely the term proportional to ζ (3) 2 . To leading order in the large N expansion, in the A 1 quiver case with λ 1 = λ 2 , we find that the ζ (3) 2 corrections to the correlators are given by
2,2Ĉ2,mĈ2,n ; (3.49)
2,2Ĉ2,mĈ2,n ; (3.50)
where · · · stands for the terms linear in ζ's computed above.
To begin with, note that for odd correlators the ζ(3) 2 correction immediately vanishes. In addition, it is clear that both towers of twisted and untwisted operators are still orthogonal, since U n T m = 0. Moreover, as for the U n U m correlator, the structure above (equal contribution, but opposite sign for the X n X m and X n Y m correlators) implies that there is no correction to (3.42), as expected. Finally, let us consider the T n T m correlator. Note first that, aside from the λ n+m 2 overall scaling of the correlator, the ζ (3) 2 correction starts with a relative λ 4 in the term inside the brackets in (3.47). Thus, it can potentially contribute for n ≥ 4. Remarkably, one can check that such correction cancels for all correlators with n ≥ 4. Thus, this supports the conjecture that (3.47) holds not only for the terms which are linear in ζ(2n − 1), but that the first correction to the N = 4 result for the T n T m correlator is proportional to λ 2n as in (3.47) . While this is a conjecture (since the much harder non-linear terms in all ζ's are unknown to us), it is remarkable that, at least for the linear terms in ζ(2n − 1) and including ζ (3) 2 , as the dimension grows, the correlator becomes closer and closer to that in N = 4 SYM (in turn identical to the free theory).
The general case of A n−1 quiver gauge theories
Inspired by the A 1 case, let us now consider the perturbative orbifold case where λ I = λ for all gauge groups. It is then natural to define untwisted and twisted sectors as [28] 
Note that, as expected, there are n − 1 twisted sectors. Then are equal for all I's. Thus, we can perform the Gram-Schmidt in the U n tower separately.
To that mattter
(3.53) Since at the perturbative orbifold point all couplings coincide, this is just equal to
for some fixed L. Using our explicit formulas we get
Comparing with (3.7), here we recognize in the second lineM (1) , so that U n U m = C n,m , which coincides with the N = 4 correlator on S 4 . Therefore, for the R 4 correlators, we finally recover the N = 4 result
On the other hand, the twisted sectors are now more intricate, as they mix in a nontrivial way; that is, T I n T J m does not only vanish if I = J. Therefore, the orthogonalization will mix the various twisted sectors.
Conclusions
In this paper we have studied several aspects of N = 2 necklace quiver gauge theories. These theories are particularly interesting given that they admit a weakly curved gravity dual in terms of the geometry AdS 5 × S 5 /Z n . This permits to carry out accurate tests of AdS/CFT duality with the same level of precision as in the duality between N = 4 SYM and superstring theory on AdS 5 × S 5 (see e.g. [4] ). As one step further to explore this duality, in this paper we have computed new exact observables in the quiver theory, namely two-point correlation functions, by using supersymmetric localization.
In the limit where all couplings but one vanish, correlation functions in the quiver gauge theories reduce to those of N = 2 superconformal QCD, which, however, does not have a simple gravity dual where one can rely on classical supergravity calculations. Thus, our results can also be used to test what common properties are shared between theories without a classical gravity dual and gauge theories with such a gravity dual. This can be very interesting in order to elucidate the features that the putative holographic dual to N = 2 SCQCD should exhibit.
We have found that the partition function for necklace quiver theories at infinite N exhibits a rather interesting "modular" structure allowing one to construct the partition function by adding a factor of the N = 2 SCQCD partition function for each node and a factor of F(λ I , λ I+1 ) for each link (c.f. (2.28) ), thus extending the result in [14] valid for the perturbative orbifold point when all couplings are equal. We should stress that this happens in the final result, that is, after carrying out the integration over a I i (which amounts to a full computation of the functional integral that defines the partition function). This interesting structure seems to hold for general N = 2 theories admitting a Lagrangian description, since our derivation extends in a straightforward way to the generic N = 2 partition functions on S 4 computed by Pestun [1] . It would be very interesting to study each such building block F(λ I , λ I+1 ) in the limit where all λ I → ∞ with fixed λ I /λ J . This can be presumably studied with the techniques of [5, 22] and could lead to a very interesting test of AdS/CFT holography (generalizing our discussion of section 2.5 to the case of different couplings λ I = λ J ). In addition, one could investigate whether, by taking suitable limits in the λ I 's, information about more general class S theories can be found [30] .
We have initiated the study of correlation functions in necklace quiver gauge theories at large N . Following the method proposed in [10] , one computes the corresponding correlators in the matrix models for the theory on S 4 and then runs a Gram-Schmidt procedure to remove the anomalous operator mixtures (whose AdS counterpart would be, per se, very interesting to elucidate). We have computed all terms in the planar expansion that have coefficients with linear ζ dependence. As a by-product, we have computed the analogous quantity in N = 2 SCQCD, extending previous results in the literature. This allowed us to test the extent to which correlators can be described in terms of N = 4 correlators by means of an effective coupling. We have shown that there is no universal coupling replacement by which one can express the two-point correlation functions in N = 2 SCQCD in terms of the N = 4 ones. Since the SCQCD correlation functions arise as a special limit of the quiver correlation function (upon setting all but one coupling to zero), this result implies that it is neither possible to express the correlation functions of the quiver gauge theory in terms of the N = 4 correlation functions with a universal effective coupling. This is implied by the results in (3.47), (3.42). In particular, note that the SU (2, 1|2) basis associated with scalars in each vector multiplet used in [21, 22, 23] is just sum and difference of the U n , T n . One could also directly choose a basis with two towers of operators associated each to a vector multiplet, i.e. of the form A n ∼ X n + · · · , B n ∼ Y n + · · · ; where the · · · stands for mixing with lower-dimensional operators within the same tower as well as with lower-dimensional operators of the other tower (that is, in general X n may mix with, say, Y n−2 ). Of course, in the perturbative orbifold case A n only contains X n , while B n only contains Y n . Then, upon performing the Gram-Schmidt procedure, as in the case of N = 2 SCQCD, one finds that the resulting correlators cannot be expressed in terms of N = 4 correlation functions with a universal effective coupling.
The perturbative expansion for correlators exhibits an interesting structure. In the case of N = 2 SCQCD, we found that the observable-dependent effective coupling in section 3. 1.1 satisfies the rather intriguing property (3.21), (3.22) , checked for the first few operators up to n = 8.
In the A 1 quiver case, it turns out to be very useful to introduce untwisted and twisted sector operators. For them, at the perturbative orbifold limit λ 1 = λ 2 = λ, we find that their correlators either reproduce the N = 4 result (untwisted sector) or exhibit striking cancellations in planar loop Feynman diagrams yielding to the conjectured general formula (3.47) (twisted sector). It would be very interesting to confirm these conjectures and elucidate the field theory reason for this, maybe along the lines of [31, 32] .
From a holographic perspective, the result of the untwisted sector can be argued as follows. In the description in terms of D3 branes on C 3 , the orbifold can be taken to act in the C 2 transverse to the C which is associated with the chiral field in the N = 4 theory. Thus, in this sector, the AdS 5 × S 5 holographic calculation of [29] for CPO correlators in the N = 4 theory should also apply to the orbifold case.
In the twisted sector, to the extent we checked, the correlators (3.47) seem to become "closer" to the N = 4 correlators the larger is the dimension of the operators: two-point correlators of operators of dimension n differ from the corresponding N = 4 correlators by O(λ 2n ) in the weak coupling, planar expansion. This implies the remarkable cancellation of n − 1 loop Feynman diagrams. It would be very interesting to clarify the nature of these cancellations.
One may wonder what happens away from the perturbative orbifold case. Explicit computations with the above formulas seem to show no special cancellations. The fact that only λ 1 = λ 2 = λ shows cancellations might be connected to the failure of integrability away from λ 1 = λ 2 (or the SCQCD limit λ 2 = 0) reported in [4] .
In this paper we have studied the weak 't Hooft coupling regime of the necklace theories at large N . It would be very interesting to explore the strong coupling regime. This can be done by standard saddle-point techniques and might lead to revealing new tests of holographic dualities.
In particular, the S 4 two-point function of the X I n is just the connected correlator of the X I n .
Upon expanding the one-loop determinants we can write the correlators (as well as the partition function) of interest in terms of quantities of the N = 4 theory, which will be denoted by a subscript 0 . As in (2.9), we introduce the N = 4 quantities
etc., and their connected counterpart (2.13)
The latter deformed partition function for N = 4 is defined by adding sources for all single-trace chiral primary operators,
The large N limit is taken as usual at fixed ' 't Hooft coupling λ I ≡ N g 2 I . A hatˆover C m 1 ,··· ,mn will refer to that quantity evaluated at 't Hooft coupling equal to one. On the other hand, the superscript I on the N = 4 correlators, i.e. C I m 1 ,··· ,mn , or the connected correlator C I m 1 ,··· ,mn , indicate that they are computed in N = 4 SYM with λ I . In the case of N = 2 SCQCD , since we just have one node, we can drop superscripts I and call X 1,1 ≡ X. In the case of the A 1 theory, given that we have only two nodes, for the sake of clarity in the formulas we define X 1,1 ≡ X and X 2,2 = Y (and similarly VEV-less operators X , Y ).
B Large N correlators in N = 4 SYM
Correlators of CPO's in the large N limit for N = 4 SYM have been computed in [11, 12] . We will make use of the following formulas:
;
.
Note in particular that
C The partition function for the A 1 theory
In this appendix we give further details on the computation of the partition Starting with (2.8) and using (2.4), we find function for the A 1 case. It is convenient to rename a 
Recall now that a i , b i stand respectively for the eigenvalues of the X 1,1 and X 2,2 adjoint scalars in the quiver. In order to ease notation, denoting by X the adjoint scalar of the first group and by Y the adjoint scalar of the second, this is
Recall now that Z 1−loop = e f , which must be inserted in the integral (2.5). Expanding the exponential e f = 1 + f + · · · , when inserted in (2.5), the "1" will give the product of two copies of the partition function of the N = 4 theory with the appropriate coupling, that is, Z N =4 (λ 1 )Z N =4 (λ 2 ). Likewise, the linear term in f involves the integrals of
In terms of the C m 1 ···mn defined in (A.3), the integrated linear term with f reads
5) The C's are easily re-written in terms of the C 's in appendix B, so that one can check that the integral of the linear term in f reads (we omit the overall factor
(C.6) The C 's are given in appendix B in terms of the 't Hooft coupling. Note in particular that C m,n is subleading in N with respect to C m . Thus, the leading term above is
This can be extended to all powers of f , i.e. in the large N limit, and the dominant term in f n is obtained by replacing the operators TrX 2n , TrY 2m by their VEV's, C 2n (λ 1 ), C 2m (λ 2 ), leading to ln f ∼ N 2 . This gives (2.15), (2.17).
D Two-point correlators in N = 2 SCQCD
In this appendix we offer the details of the computation of correlators in N = 2 superconformal QCD including all terms linear in ζ(2n−1) as well as the first non-linear term in the ζ(2n − 1)'s, namely the term with coefficient ζ(3) 2 . In the case of N = 2 superconformal QCD, the one-loop contribution to the matrix model is
Using (2.4), we can write the exponent as
(D.2) Expanding the binomials, and using that, in SU (N ), i a i = 0, we obtain
The terms which are linear in ζ(2q − 1) are given by
where dots stand for the rest of the terms which are product of ζ's. Thus, we get
Hence, keeping only the linear terms in ζ's, , we have
Combining these two formulas, we obtain, for the connected correlator,
In terms of connected correlators this reads
Recalling that C k,m = O(1) and C k = O(N ), to leading order in N we finally obtain
We can easily extend the above computation to include the first non-linear term in the ζ's, namely the one proportional to ζ(3)
2 . Note that in the expansion of the one-loop factor we have
Therefore (we omit dots "· · · " in what follows)
In addition, 14) and
Combining these expressions, we obtain the following formula for the connected correlator including the ζ(3) 2 order:
In terms of connected correlators we have
Thus, the leading term in the 1/N expansion in M (2) is given by
E Two-point correlators in quiver gauge theories
In this appendix we describe the computation of correlators in quiver gauge theories including all terms linear in the ζ's.
E.1 General quiver
Expanding the one-loop factor (2.24) in powers of X and keeping only the linear term in the ζ's , we obtain
(E.1) From here, it follows immediately
where a superscript I will refer to the corresponding quantity computed in a copy of the S 4 matrix model with coupling λ I . In the following we will use a simplified notation in which X I k ≡ TrX k I,I . In this notation, for instance
Let us start by considering the connected correlator X L n X L m . After a straightforward but rather tedious computation one finds where now 
Using the above formulas, we finally find Note that the case when one of the integers inĈ n,m vanishes is excluded. Thus, we could really restrict the sum in k from 1 to 2q − 1. It remains to consider the correlator X 
Thus, we see that this exactly vanishes, and hence E.2 The A 1 quiver
Note that the A 1 case is slightly special, as the two nearest neighbours to one node are the same: the other node. In this case the computation of the mixed correlator must be done ab initio. We find 
